Top Careers & You®

T r
I INDEFINITE INTEGRALS e

PRIMITIVE OR ANTI DERIVATIVE
A function ¢ (x) is called a primitive or an anti derivative of a function f(x) if ¢’ (x) = f(x).

X4 . A 3 d X4 3
For example, R is a primitive of x” because ral x°.

Let ¢ (x) be a primitive of a function f(x) and let C be any constant. Then,
%(d)(X) +C) =¢'(x) = f(x) [ ¢'(x) = f(x)]

¢ (x) + C is also a primitive of f(x).
Thus, if a function f(x) possesses a primitive, then it possesses infinitely many primitives which are
contained in the expression ¢(x) + C, where C is a constant.

4X4 4

For example, XTT + 2, XT —1 etc are primitives of X

INDEFINITE INTEGRAL
Let f(x) be a function. Then the collection of all its primitives is called the indefinite integral of f(x) and
is denoted by jf(x)dx =9(x)+C where ¢x) is primitive of f(x) and C is an arbitrary constant known as

the constant of integration.

PROPERTIES OF INTEGRATION
1. [fi(x)£f5(x) dx = [fi(x)dx ' [f,(x)dx

2. faf(x) dx=a [f(x)dx
3. fadx =ax+C
4, J 0 .dx = constant

d(f(x)dx)

=f(x)+C
™ )
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Derivative Integration

] d Xn+1 n
i — =X,
@ dx(n+1]

n+1
1+ C,n=z1

X
I x" dx =
n+

i L (ogx)=—

[ @xdx=log |+C

(e)=¢

d

dx X
d
iii —
(i) dx

J.exdx:ex+c

X
(iv) d|_2 za,a>0,a=1
dx | loge a

X

+C

I a“dx = o0

(v) a4 (—cos x) = sin x
dx

Isinxdx:—cosx+C

(vi) a4 (sin x) = cos x
dx

Icosxdx:sinx+c

(vii) a (tan x ) = sec? x
dx

Iseczxdx:tanx+c

(viii) a (- cot x) = cosec? x
dx

I cosec’xdx=—cotx +C

(ix) a4 (sec x) = sec x tan x
dx

Isecxtanxdx:secx+c

x) di (—cosec x ) = cosec x cot X
X

I cosec x cot xdx =—cosec x +c¢C

(xi) a (log sin x) = cot x
dx

I cot x dx =log |sinx| +C

(xii) a (—log cos x) = tan x
dx

J.tanxdx:—log |cos x| +C

(xiii) di (log(sec x + tan x)) = sec x
X

I sec x dx =log |secx+tanx| +C

(xiv) di (log (cosec x — cot x)) = cosec x
X

cosec x dx = log |cosecx—cotx| +C

(xv) a4 (sin1 5} N
dx a 2 2

;dx =sin* (5J +C
2 a

a® —x a? —x?
(xvi) d [1tan‘1 lj =— L > T ax=tian? (5j +C
dx \a a a‘ +x a
ood 14X 1
(xvi) — —cot 12 s T =1t [ij +C
dx a a a‘ +x a2 + x? a a
d 1 a4 (X 1 1 1 4 (X
xviii) — —seC |—| = ————— ——————— dx=—sec |—|+C
(Gavii dx a (aj X /X2 _ga? X lxz_az a [aj

(xix) di — cosec”’ (—] =——— 1

J
J
| e a
J
J
J

dx = L cosec” (1] +C
a a

1
xvVx? —a?
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EXAMPLES:
1. Ix* dx
441 5
Sol. [x'dx=>—+c=X+c
4 +1 5
2. I\/; dx
%+1 2
Sol. f\/;dx=fx”2dx=); +C=§x3’2+C
—+1
2
3. [1/4/x dx
1+1
Sol. [1/4/x dx=[x"dx = X1 +C=2x"2+C
—+1
2
4. 1% dx
X3+1 1
Sol. [ 1ixidx=[x®dx= +C=———+C
3+1 2x2
5. [ a3l°%ax 4x
3 3+1 4 logg X
Sol. [a®%%aXgx=[a'%% %" gx = [x*dx= ;+1 +C=— +C a o =x
sin“ xcos“ x
.2 2
Sol. J- 21 . dx:J‘sm 2x+cos2 de=J‘ 12 N 12 dx
sin“ Xxcos“ x sin“ xcos“ x cos“ X! sin“ x
= J.seczxdx+.|.cose02xdx = tan x — cot x +-C.
7. J.\/'I—COSZXdX
Sol. I\/1—0052x= IVZsinzxdx=V2 Isinxdx=—\/2cosx+C
8 J- sec X dx
' Sec X + tan x
Sol J‘ sec X dx = sec x(sec x — tan'x) X — _[ sec? x — sec x tan x
" Jsecx+tanx (sec x + tan x).(seéc x — tan,x) sec? x — tan? x
= [sec® x — sec x tan x dx = tan x — sec.x + C.
4
9. j —dx
X< +1
4 4 4
Sol. [ —dx=[= 21+1dx=jx LU
x2 +1 x? +1 x2+1 x% +1
2 1 x3 -1
= [(x —1)dx+I s—dx="——x+tan" x+C
X< +1
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10.

Sol.

11.

Sol.

12.

Sol.

13.

Sol.

sin® x + cos® x
an xroos’x

sin? x cos? x

.[ sin® x + cos® x dx = .[ (sin2 X + cos? x)3 - 3sin? x cos? x(sin2 X + cos? X)

sin? x cos? x sin? x cos? x
[using a® + b= (a + b)’ = 3ab (a + b)]

1-3sin® xcos? X 1 '

- fﬁdx:j('z——sjdx S et xrostx gy,
SIN® XCos” X SIN” XCOSX sin“ Xcos“ X
= [(sec?® x + cosec? x — 3)dx = tan x — cot x — 3X + C.
J‘ X + 22 dx
(x+1)

J' X+2 dX:J‘X+1+1dX:J'(x+1 +J‘ 1 dx = %dx+](x+1)’2dx

(x +1)2 (x +1)2 x +1)? (x 4+ 1)2 X+

= log |x+1|+X—+C=Iog [x+1-

(x+10)" LS
1) 1

J'8x+13

Vax+7
8x+13 | J'8x+14—1 _I2(4X+7 dx—f2mdx j

\/4x+7 Vax +7 J4X+7

1
NAX+T

(4x+7)%2 (4x +7)"2

=2 +C= B (Ax+ T2 v (4x+ 7)™ + C
3
4x — 4x —
2 2
Icoszxdx
J.COSZdez Jdezl J.(1+0032X)dx - l X+S|n2X +C
2 2 2 2

dx
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METHODS OF INTEGRATION

There are four basic methods of Integration:
(0] Integration by substitution (1) Integration by parts
(I Integration by partial fractions (PF) (IV) Integration by reduction formula

0] INTEGRATION BY SUBSTITUTION
The method of evaluating an integral by 'reducing it to standard form by a proper substitution is called
integration by substitution.

If ¢(x) is a continuously differentiable function, then to évaluate integrals of the form I f(¢(x)) ¢'(x)dx,

We substitute ¢(x) =t and ¢’(x) dx = dt.

These substitutions reduce the above integral to_[f(t)dt.

After evaluating this integral we substitute back the value of t.
(a) INTEGRALS OF THE FORM I f (ax + b)dx

Theorem: |If I=[f(x)dx = ¢(x), then [f(ax +b)dx = %d)(ax +b)

Proof: Let | = _[f(ax + b)dx. Putting ax + b =t, we get adx = dt or dx = ldt.
a

1= [f(ax +b)dx = ljf(t)dt = 1oty = Logax +b)
a a a

Note: If in place of x we have ax + b, then the same formula is applicable but we must divide by coefficient of

x or derivative of (ax + b)i.e. a. Thus [f(ax + b)dx = ! o(ax + b) where [f(x)dx = @(x)

a

For example

. n+1

(i) J.(ax+b)”dx:1.%+c,n¢—1
a n+

(i) [cos(ax + b)dx :%sin(ax+b)+C

(iii) Icos ec?(ax +b)dx = fécot( ax +b)+C

(b) INTEGRALS OF THE FORM j —ff((x)) dx
X

Theorem: J%dx =log {f(x)}

Proof: Let|= jff(

( X)) dx. Putting f(x) = t, we get-f"(x )dx = dt.
X

L= %dt =logt =log {f(x)}
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SOME MORE FORMULAE ‘

I tan x dx = log |secx| + C

=—log [cosx| +C

j cot x dx =log |sinx| +C

=—log |cosec x| +C

J. sec x dx =log [secx+tanx | + C

J. cosec x dx = log |cosec x-cot x| +C

no X X
=log |tan| — += | +C =log tan—{+ C
° [4 2J "2
Proof: Let |:j tan x dx. Then | = | sin_xdx.
COSs X
Putting cos x = t, we get —sin x dx = dt  or dx = — dt/ sin x.
sin x dt 1
s= X — =—|—=dt =-] t|+C =-I C.
Icosx sin x jt ogltl+ og [cos x|+
Hence, I tan x dx = —log |[cos x | +C Or [ tanx dx =log | sec x | +C
& NOTE:
n+1
0 T e o= Tl
n+1
f(x)
(ii) jafm f(x)dx =2
loga

i) [ e™f(dx=e +C.

EXAMPLES:
2
14. jﬂdx
3 +tanx

Sol. Puttan x =t, so that sec? x dx = dt

. J' sec? x d J'seczx dt

_ T [ i
3 +tanx -[3+tdt log [3+1|+ C=log [3+tanx| +C.

3+t sec?x

X aX
15. judx

eX+e™
X —X
Sol. Ildx= J'ﬂ =log [t| +C=log [¢* +e7¥|+C
e +e* t
' sin(x —a)

Sol. Putx-a=tsothatdx=dt

dt

) I sinx X = JSin(a+t)dt _ J'sinacost+cosasint
sin(x —a) sint sint

=sina [cottdt+ cosal1.dt=sina.log [sint| +tcosa+C

=sina.log |sin(x-a) +(x —a)cosa+C
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17 j sin(x —a) dx
' sinx

dx = [cos a dx — [sin a cot x dx

sin(x —a sinxcosa—cos xsina
ol. [S0-2) g - fsinxcosa
sinx sin X

=cosa [1.dx—sina [cot x dx = x cos a—sin a log [sinx| + C

1 " peT—— -

18. -[ cos(x —a)cos(x —b) ;

R e

1 1 . sin(a—-b)
Sol. )j

-[ cos(x —a)cos(x —b) dx = sin(a—b dos(x —Ea)cos(x -b)

dx

1 J'sin(x—b)cos(x—a)—cos()f(—b)sin(x—a)
sin(a—b) cos(x —a)cos(x—b) |
-1
sin(a—b)

@D [ loge [cos(x — b)| + loge|cos(x —a)|] + C

- 1 | |cos(x - a)|
sin(a—b)  |cos(a—b)|

19. J'—VZJ::OQX dx

+C

J2+1o ! | !
Sol. Letl= j+—gx dx.  Put2+log x = t o that —dx = dt or dx = x dt.
X |

. X
ot B 32 2 3/2: i~ 2 372
..|-j7xdt-j\/¥dt-m+c St E= 512+ og ™+ C

@ To evaluate integrals of the form [sin mx cos nx dx, Jsin mx sin nx dx, [cos mx cos nx dx

and [cos mx sin nx dx, we use the following trigonometrical identities.
& 2sin Acos B =sin (A +B)+sin (A-B)
& 2cosAsinB=sin(A+B)-sin (A-B)
& 2cos AcosB=cos(A+B)+cos(A-B)

& 2sinAsinB=cos(A-B)-cos(A+B)

For example: : ]
20.  [sin 3x sin 2x dx : ]

Sol. [sin 3x sin 2x 2x dx = % | 2sin 3x sin 2x dx = ¥ [ (cos x — cos 5x) dx = ¥: (sin x — SInSx

)

21.  [cos 2x cos 4x dx.

Sol. Jcos 2x cos 4x dx = % [ 2 cos 4x cos 2x dx = ¥ | (cos 6x + cos 2x) dx %{Smex+sm2x}+0.

6 2
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& SELECTION FOR PROPER SUBSTITUTIONS:
There are no hard and fast rules for making suitable substitutions. It is the experience which guides us best
for the selection of a proper substitution. However, some useful suggestions are given below: -

Integral Condition Substitutions
a) jsin” xdx, n is positive odd integer Put cos x = t.
b) jcos” xdx, n is positive odd integer Put sin x =t.
c) [sec” xdx, n is positive even integer Put tan x = t.
d) jcos ec” xdx , n is positive even integer Put cot x = t.
e)j sin™ x cos" x dx 1. 1f mis odd Put cos x =1,
2. If nis odd Put sinx =t
3.Iflboth m and n are even Use De'moivre's theorem.
f) The integrand is a rational function of €* Pute*=t.

DE-MOIVRE'S THEOREM

We can solveJ‘sinm x dx or J.cos” x dx by the help of De-Moivre’s theorem, when m and n are integers (even
or odd).

o 1 o
z=cosx+isinx .. —=(cosx—isinx)
z

1 1 .
z+ —=2c0osX, z—— =2isinXx
z z

1
Also 2" + — =2 cos nx,
Zn

1 ..
Z"— — =2isinnx.
Zn

For Example- To find the value of Isine x dx

1 17°
2isinx=z-— . (2isinx)°= (z——)
z z

6 4 2 1 1 1

=28 -62'+152°-20+ 15— —6— + —

z2 ¢ Z®

O RLGE IR G5
=|z2°+—|-6|z2"+—|+15|z2°+— | —-20
( 28 z* z2
=2 [cos 6x — 6 cos 4x + 15 cos 2x — 10]

- [sin® x dx = LG 2J'(cossx—6cos4x+15coszx—10)dx
(2i)

= 1 |sinbx 6 A+ Psinax 10x
32| 6 4 2
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EXAMPLE:
22. [sin®x cos® x dx

Sol. Let!|= [sin® x cos® dx.

dt
Cos X

Here power of cos x is odd, so we substitute sin x =t = cos x dx = dt or dx =
1= [foos®x I = [£2(1 = sin® x)? dt = [£(t — t})% dt
COoS X

(SR N sin®x! _sin®x sin” x
=[(-2t'+)dt=— 2—+—- +C= 2 + +C
I( ) 3 5 7 3 5 7

SOME IMPORTANT SUBSTITUTIONS
Following are some substitutjons useful in evaluating integrals.

EXPRESSION SUBSTITUTION SOME IMPORTANT RESULTS
(derived by the substitution given in the table)

a” +x x=atan0oracot9
2 2 _ f —
a’ —x x=a sin 0 oracotd [ 21 _ dx ilog (x—a) when x > a.
x2 —a 2a (x+a)
X’ —a’ |x = a sec 0 or a cosec 0 1 1 a+x
[ 2 dx —log —— whenx<a
a-x la+x X = a cos 26 a® —x 2a ~a-x
or1/
a+x Va-x j; dx | log [x+ vx? +a? Jorsinh™ x/a
x2 +a?
2 s 2
_ X=oacos” 0+ fpsin” 0 ]
%or [(x-a)x—P) j; dx log [x + Vx? —a? } or cosh™ x/a
—X x? —a?
Proof: | L dx:ilog (X=3) \hen x > &.
x2 — g2 2a (x+a)

Putx =asec 6§ = dx =asec dtan 6d@

= dx = J-asecetanede
x? —a? a%tan? 9
=J.1/acoseced6=—1/aIog(cose09+cot9)=—1/alog(x/‘/xz a?+alx? a%?)+C
1/2
(x+a)? (x a)
=1lalog ————— +C=%al
/alog x a)x+a) C="%alog (x+a)
EXAMPLES:
23. dx
I9x2—4
« 2
1 1 1 1 3 1. |3x 2
Sol dx = — dx=—. lo +C=—1I +C
,[gx2_4 QIX2_(2/3)2 9 2xg g 2 12 g 3x+2
)
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1
——dx
IJ9—25x2
dx= +f——1 _gx=1

25 5

J‘ 1 1 1 1 1 .1 X
=5l 5= 55 [575)*
9 - 25x 9 e [3] 2

(I BASIC THEORY OF INTEGRATION.BY PARTS
Theorem: If u and v are two functions of x, then

j 1st 2nd dx = 1st j 2nd dx — j(dixmt j2nd dx)dx

We choose the first function as the function which comes first in the word

ILATE

Where
| - Inverse trigonometric function (sin'1 X, cos 'x, tan™ x etc)
L - Logarithmic functions
A - Algebraic functions
T - Trigonometric functions
E - Exponential functions

SOME MORE.....

1. H - x? dx_x“a n’ (§J+C
2. [ya?+x? dx=x—“a22+X2 +§Iog| x+ya? -x?|+C.

3.J‘\/x2 —a? dx= x—“xzz—az - % log| x++/x?—a?| + C.

Proof of 1.
Let| = J}/a2 — x2dx. Integrating by parts, we get

| = J-\/a2 - x2 1dx = +a? —xz.x—J-l(a2 - x2)72(0 - 2x).x dx

2
=x+vaZ - x% - dx = xva? I a’-x*-a

J—
J- ﬁdx

=
- xv/a? - x2 —J'\/a2 - x2?dx +a?

[ .1 x
=xva? - x? —1+a?sin 1(—J+C
a
[ . x
s 2l=x az—X2+aZS|n 1[7J+C:> |=%x a2 - x2 +%azsin’1[£]+c
a a

+C
;)
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EXAMPLES:
25. J.sin‘1 X dx
Sol Putsin™ x =t so that x = sin t and dx = cos t dt

26.

Sol.

27.

Sol.

28.

Sol.

.'.jsin‘1x=Itcostdt=tsint—f1.(sint)dt=tsint—Isintdt=tsint +cos t+C

=xsin"x+ 41 sint+C=xsin"x+ Y1 x2+C
jsin&dx

Letl= J.sin\/;dx. Put Vx = t so that de= dt or dx = 2 Vx dt

2%
" Isin&dx= Isintht:ZItsintdt:2[t(—cost)—J.1.(—cost)dtJ =2 l—tcost+jcostdtJ
=2[—tcost+sint]+C=—2[\/;cos x+sinx/;]+C.
J. x log (1 + x)dx

2

X 1 X2 x2 1 ¢ x2
lo +1)dx=lo +1). — - |——.—dx=— lo +1)— — | ——d
[ xlog (x+ 1) ox g(X)ZJ.x+12X2g(X)2x+1X
2 2
X 1 ¢px°-1+1
=X jog(x+1)-= [X =114
2 g (x ) 2-[ X +1 X

x+1 x+1 X +1

= ?zlog(x+1 - = J. +de— ;Iog(x+ 1)—% U((x—1)+Lde}

=ﬁlog(x+1)—1 ——x+|og|x+1| +C
2 2| 2

J‘xcot"1 x dx

2 2 2
_ _ -1 X - 1 X
xcot™" x dx = (cot ~'x). L = =cot'x+ — dx
I ( )[2} J.1+x2 2 2J.x2+1

2 2 _ 2
:X_00t71x+ 1Lde=X—COt71X+1~[1— 1 dx
2 2 x? 41 2 2 x2 +1

X2

= X ot x+ L [x—tan "' x]+C
2 2

SOME STANDARD INTEGRAL FORMS

&

@&

&

[ (f(x)+f'(x))dx=e* f(x)+C.

j x)dx=g(x), then Jg(x)(f(x)+f’(x))dx

I
«Q
=~

X
=
—
—
X
N>
+
(@]

Iekx {(F(x) + F(x)} dx = € f(x) + C
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EXAMPLES:
29. Iex(tan X + logsec x) dx

Sol. Iex(tanx +logsec x)dx = J‘e”" log sec xdx dx + Iex tan x dx
|

=(Iogsecx)ex—j .secxtanxexdx+J.extanxdx+C

sec X

=¢*log sec x — je"tanxdx+ J.extanx +C=¢".logsecx+C

30. Iex(ﬂsm);cosx]dx
cos” x

Sol.

1+S|nxcosx 1 sin x cos x
dx = jex St - dx = J e*(sec’ x + tan x)dx = e€*tanx + C
cos? x Ccos“ X CoSs” X

Jo
Jelis )
Sol. IG— de-éew
Jo o
Jo o

X

31.

><|—\

32, 2 + sin2x
1+ cos 2x

Sol. 2 +sin2x = J.e" M dx = IEX(SECZX+tanX)dX= e*tanx +C
1+ cos 2x 2cosT X

=  TWO IMPORTANT FORMULAE

ax

J-eaxsinbxdx= > o2 (a sin bx — b cos bx) + C
a‘ +

ax

J-eax cos bx dx = (acosbx+bsinbx)+C

a+b

EXAMPLES:
33. jez" sin3x dx

Sol. Letl= Jezx sin 3x dx.

Then | = jezx sin 3xdx = e | — €08 3x) [2e%[ - cos 3x dx
| 1l 3 3

1= Je®cos 3+ 2 jezx cos 3xdx
3 3 )7
3|=—162XCOS3X+E e2XS|n3X_j2 exsm:'b(I
3 3 3 3

== lez" cos 3x + Ze2X sin 3x — 4 J.ez" sin 3x dx
3 9 9

— 1=— 1 ¥ cos3x+ %ezxsin 3x — %I
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4 e
= I+ §I= o (2sin 3x — 3cos 3x)
2x
IR L % (2sin 3x — 3 cos 3x)

e2x
== 3 (2sin3x—3 cos 3x) + C

2x

(Oruse direct formulai.e. | = 226—32(23in3x—30033x)
+

34. J.e’x cos x dx

e™* e
Sol. e *cosxdx=————(sinx—cos x)+C = (sinx—cosx)+C
(1% +1? 2

35. jsin(log x) dx

Sol. Letl= J.sin(logx) .Putlog x = t so that 1/x dx = dt = dx = x dt = dx =e'dt
~1=| sine'dt
I S|I|n$

et
| = ?(sint—cost)+C.
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® S-1 Integrals Of The Type To evaluate this type of integrals we proceed as follows:
A J' . 1 dx @ Step I: Make the coefficient of x* unity by taking it
ax‘ +bx+c common
1 & Step Il: Add and subtract the square of half of the
B-J ﬁ coefficient of x.
ax-+bx+c & Step 1l Apply the formula discussed earlier.

EXAMPLES:
36. —dx
-[ 2x% + x -1

1 1 1
Sol. |——dx= - |——dx
v[2x2+x—1 2 j 2 x 1

1 1 1
J. 2 2 2 dx=—j 2 7 dx
X+ x/2+(1/4)° -(114)° -1/2 2.4 (x+1/4) —(3/4)

N =

11 |x +1/4-3/4]
—. log +
2°233/4) T |x+1/4+3/4]

2x +1
2(x+1)

x—-1/2
X+1

+C=1Io
3

+C

log

1
3

37. J'; dx
x(x° +1)
1

Sol. Let|=j(—
X(X

dx. Put x° + 1 =1, so that 5x* dx = dt or dx = ﬁ
5 11) 5

X4
1 dt 1 1 1 1
Sl ——=—=|—dt=— dt
xt 5x* Sth‘r’ 5-[t2—t
l_[z ! dt:lj 21 2
s _tv1/a-1/4 " 5l —128-(1/2)

1T 1 o t21/2-1/2)
5°2(1/2) © |t=1/2+1/2|

t—1 5

t

+C= —log +C

5 5

=1|og
5
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1
38. —dX
J.\/9+8x—x2
sol. | ! dx= | L dx = | ! dx
Vo +8x—x2 V- X% +8x - 9} J- (X2 - 8x + 16 — 25}
:j 1 dx:j;dx:sin_'] (ﬁ] +C
- {(x - 47 - 5% V52 - (x - 4)° 5
30 I;dx
x(1-2x)
1 1 1
Sol. ——dXx=— | ——4dXx
'[ X(1-2x) \/Ej X —2x2
1 1 o 1
__2-[ 2 2 o= 2-[ 2 2
, x (1 1 1 1
D G Ay ) i “dlx+—| -|=
274 4 4) 4
:ij‘ 1 d)(:ism_'I [X_1/4j +C
2 12 12 2 1/4
P —_ X_i
&) (=)
= sin @ax—1)+C
2
o [—
2x% +3x -2
Sol. J.;dx=lj. ! dx
2x? +3x -2 2 x2+§X—1
=1 ! dx= - J ! dx

- L log (x+§j+1/x2+§x—1 +C

JE 4 2

X
41. J'e— dx

4 —e*
eX
Sol. Letl= | ———dx.Pute*=tsothatedx =dt
4 — e
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2
42. j X dx
V1—x8
_ X2 3 _ 2 _ _ dt
Sol. LetI—J. dx. Put xx” = t so that 3x dx—dtordx-—2
1- x5 3x
2
.'.I:l X :lsin"1(t)+C:lsin"1(x3)+C
3 1—t2 3 3
1
43. R — ) e
‘[x\/(logx)2 -5
1 1
Sol. Letl= | —————— dx Putlog x =t, so that' — dx = dt or dx = xdt.
J.x\/(log x)2 -5 X
= IL= log [t+Vt? -5/ + C = log ‘Iogx+ (logx)? -5/ +C
/tz —( 15)2
X
44, dx
a®-x3
Sol. 3 X 3 dx = j & dx
\/a -x \/(as/z)z _(x¥/2)2
Put x*? = t, so that %sz dx =dt or \/;dx = %dt.
3/2
il 28 2 (L] +Cclsin [ X lic
@¥?)2_2 3 a2 3 a%’?
45. J.;dx
’1_e2X
1 1 e *
Sol. Letl= | ———dx= | ———dx= | ———dx
.[ /1_e2x J. 1- 1 j /e—2x_1
—2X
V' e
Put e ™ =1t, so that —e ~dx = dt
.~.|=-.[L=—|og t+t2 — 1|+ C=-logle™ +Ve 2 —1|+C
Ji2 -1
& S-2  Integrals of the Form If)(—+q dx
ax“ +bx+c

To evaluate this type of integrals we expréess thé numerator as follows:
px + q = A (Diff. of denomiinator) + p=A (2ax + b) + u
where A and p are constants to be determined by equating the coefficients of similar terms on both
sides. So we have,
= 2al=p and biA+p =6
bp

_ P _
=A== —, u=q—
2a W= 2a
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,_Ifx_+qu=£j§ax_+bdx+(q_b_pjj+dx
ax“ +bx+c 2a J ax‘ +bx+c 2a ax‘ +bx+c

- P 2 bp 1
= = log |ax“ +bx +c| + - — || ———dx
2a 9 | | [q Zaj-[ ax? +bx +¢

The other integral on RHS can be evaluated by the method discussed in special case S-1

EXAMPLES:
X
46. ————dx
sz +x+1

Sol. Letx=xdi(x2+x+1)+u.Thenx=x(2x+1)+u.
X

Comparing the coefficient of like powers of x, we get
1=20 andi+p =0

1 1
A==andp =—A=—=.
2 H 2
X 1/722x+1)-1/2
So, | ———dx=|———————dx
J‘x2+x+1 I X% + X +1
1 2x+1 1 1
== | ——dx— — | ———dx
2 -[x2+x+1 2J.x2+x+1
=1 ﬂdx_l ;dx
2 I x?ix+1 2 ( N2 (3
X+— [ +
2 2
1 2 1 1 L9 x+1/2
= —log |x“ +x+1 - —=. a ——F | +C
2 | | 2 (V3/2) {ﬁ/zj
1 2 1 4 [2x+1
=—log |x“ +x+1 — —tan +C
o i ene - an ! (2]
3
X° + X
47 d
J.x"’ 9
Sol LetI:J.XSJerx:J. x* dx + X dx'= 14 +'1, + C (say,)
' x4 -9 x4 -9 J.x“—9 T Yo
3
. _[ X _
Wherel1—jx4_9dxandlz IX4_ng'

Put x* — 9 = t, so that 4x° dx = dt.
rx® dt 1 1 4
”h_J.T'W_ZIOQ |t|—zlog |x —9‘

- X _ X 2 _
2 = IX4_9dX— dex' Put x° =t,-so that 2x dx = dt

2_
_-_|2=1 Ii:lik}g ﬁ :i]o X 3 +C
2 J42_32 2 2x3 t+3] 12 x2 +3
Hence, | = lIog |x4—9| + iIog x* -3 +C
4 12 x2 +3
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@ S-3 Integrals of the Form
pX +q dx

vax? +bx+c

To evaluate this type of integrals we express the numerator as follows:
px + g = A(Diff .of denominator) + p=A(2ax + b) + p
Where A and p are constants to be determined by-equating the coefficients of similar terms on
both sides. So we have
2al=pandbA+pu=q

p bp
A= — and -
~ R

J PX+d 4= p J‘ pax +b dX+(q—b—ij‘;dx
vax? +bx + ¢ Vax? + bx +¢ Vax? +bx + ¢
_p 2 bp 1
=P Jax? +b - 1 4
v x+c+[q j —— e X

2a

EXAMPLES:

48, J' 2x+3

Vx2 +4x+1
d

Sol. Let2x+3= x.d—(x2+4x+1) +
X

Then2x+3 =1 (2x+4)+ pn
Comparing the coefficient of like power of x, we get
21 =2and4Ai+p=3 = A=1andp=-1

) _[ 2x+3 dx=j- (2x+4)-1

- J- 2x +4

—dX— | ———dx
Vx2 +4x+1 Jl\/x2+4x+1

= Jﬂ—j;dx, where t =.x2 + 4x.+ 1
U fx+ 22 - (3)
=24t- Iog‘x+2)+\/x2+4x+1

X+2+Vx% +4x+1

+C

+C

=2vx% +4x+1-log
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INTEGRALS OF THE T- RATIO

@~ S-4 Integrals of the form

1

dx, To evaluate this type of integrals we proceed as
asin? x + bcos? x follows:

a+ bsm x Step I: Divide numerator and denominator both by cos® x.

Step II: Replace sec? x, if any, in denominator by 1 + tanx
I dx, Step lll: Put tan x = t so that sec? x dx = dt.
a+bcos? x
J- dx After employing these steps the integral will reduce to the

(asinx +bcos x)® form .[2— dt which can be evaluated with the
at“ +bt+c

dx method discussed earlier.

a+bsin® x + ccos? x

EXAMPLES:
49. jﬂdx
sin 3x

Sol. Letl= [ X gx= [SMX g J';zdx
sin 3x 3sinx —4sin” x 3=4sin“ x

[Dividing numerator and denominator by cos? x. Put tan x = t so that sec’ x dx = dt}

i dt _o[odt 1
! j3(1+t2)—4t2_-[3—t2 J(\/E)Z—t20|t

Iog|\/_+t| |\/_+tanx|
2J_ |J_—t| |\/_—tanx|
@~ S-5 Integrals of the form To evaluate this type of integrals we proceed as
1 follows:
——dx iam2
.[ aSinX+bCOSX Step I PUtSinX= 2tanX/2 COS X = 1 tan X/2

1+tan?x/2’ 1+tan? x/2

Step II: Replace 1 + tan® 2 in the numerator by sec? %

J. a+bsmx >
1 X
I Step llI: Put tan ——t so that —sec” = dx = dt
a+bcosx 2 2 2
j X

After performing these three steps the integral reduces to

asmx+bcosx+c

the form I dt which can be evaluated by

at? +bt+c
methods discussed earlier.
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EXAMPLES:

s, [ o
2 + COS X

1-tan®x/2

1+tan“x/2

dx. Putting cos x = we get

1
j2+cosx

_ 1 _ 1+tan®x/2 _ [ sec®x/2
- - [l |
2+1—tan2x/2 2(1+tan®x/2) +1—tan® x/2
1+tan?x/2
Put tan x/2 = t , so that (1/2) sec? (x/2) = dt or sec’ (x/2) dx = 2dt.

_ o 2dt dt
_Im_z It2<J§)2

2

_ 1 2 4 (tanx/2
~tan'|——=|+C=—“tan" +C
J3 (ﬁ) V3 [ 3 j

. . 1
%~ Alternative method to evaluate integrals of the form J. ——dx
asinx + b cos x

To evaluate this type of integrals we substitute
a=rcos0,b=rsin0d

and so, r= ya? +b? ,6=tan'1(9].
a
s.asinx+bcos x=rcos 0 sinx+irsinfcos x =rsin (x + 0)
So,j ,;dlej. ;dx=1fcosec(x+9)dx
asinx + b cos x r sin(x + 0) r
=1Iog tan 1+9 +C=;Iog tan 1+ltan‘19 +C
r 2 2 a2 1+ b2 2 2 a

1
-[sinx+ 3 cos X

Sol. Let1=rcos0and V3 =rsino0.

51. dx

Thenr = 12+(\/§)2=Zandtan9=£:>9=n/3
sinx + /3 cos x r sinxcos 0 + cos xsin O

= Jj.;d =1 [ cosec (x + 0) dx
sin( r

r X+ 0)
tan £+9 +C:1Iog tan| 2+ X+ C
2 2 2 2 2

21
= - log
r

tan®x/2+3
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%" S-6: Integrals of the form

J‘asinx+bcosx
csinx +dcos x

dx

To evaluate this type of integrals we express the numerator as follows:
Numerator = A(Diff. of denominator) + p (denominator)

i.e,(asinx+bcosx)=xdi(csinx+dcosx)+u(csinx+dcosx)
X

where A and p are constants to be determined by comparing the coefficients of sin x and cos x
on both sides

) J~asinx+bcosxdx_J*k(ccosx—dsinx)+p(csinx+dcosx)
csinx + dcos x csinx +dcos x

= [udx + 1 dex= ux+2ilog [cisinx +dcos x| +K
csinx +dcos x
EXAMPLE:
50 Ssmx+2003xdx

3cos x +2sinx

Sol. Letl= de.
3cos x +2sinx

Let33inx+2005x=kdi (3 cos xi+2sinx)+ p (3 cos x + 2 sin x)
X

or3sinx+2cosx=A(—sinx+2cos x) + p(3.cos x + 2 sin x)
Comparing the coefficients of sin x'and cds x on both sides, we get
-3A1+2p =3and2h+3u=2
=>A= 12 and p = -2

3 13

= I12/13(—3sinx+2(:osx)—5/13(3cosx+2sinx)dx
' 3cosx +2sinx

5 14 12 —33|nx+2003xdx

13 ' 13 J 3cosx +2sinx

——i +E ﬂ,wheret=3003x+2sinx
13 3 t

=5 412 log [t +C=- x+ EIog 3cosx +2sinx/+ C
13 3 13 3

- S-7 Integrals of the form

J‘asinx+bcosx+c
psinX+QqCcos X +r

dx

To evaluate this type of integrals, we express the numerator as follows:

Numerator = ) (denominator) + u (Diff. of denominator) + v

i.e., (@asinx+bcosx+c)=r(psinx+qcosx+r)+pu(pcosx—qsinx)+v

where A, u, v are constants to be determined by comparing the coefficients of sin x, cos x and
constant term on both sides.
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.J‘asinx+bcosx+c dx
“Jpsinx+qcosx +r

Diff. of denominator 1
8 dx+Vv [—
denomin ator p SinX+QqCOSX+r

1
p SinX+QCOSX +I

dx

[Adx +p]

dx

AX + plog |denominator [+ v |

The integral on RHS can be evaluated by the method discussed earlier.

EXAMPLE:
53, J' .3005x+2 dx
sinx + 2cos+ 3
Sol. LetI:Jde
sinx+2cosx+3

Let3cosx+2=2A(sinx+2cos x +3)+1(cos x—2sinx)+v.

Comparing the coefficients of sin x, cos x and constant term on both sides,

WegetA—-2u=0,21+u=3,3L+v=2

= A= E,u = E,andv=—§
5 5 5

= jx(sinx+2003x+3)+p(cosx—23inx)+vdx
o sinx +2cosx + 3

_ cos X —2sinx
=) Idx+;1j -
sinx +2cosx+3

1
sinX +2cosXx +3

= Ax+pulog |sinx+2003x+3 + v |4, where Iy = J.

. . _ 2tanx/2 _1-tan®x/2
Putting, sin x = — 5 -, C0SX= ———— we get
1+tan“x/2 1+tanx/2
1

dx

Iy =

I 2tanx/2  2(1-tan®x2)
> + > +3
1+tan“x/2 1+tan“x/2

=J 1+tan®x/2 dx
2tanx/2+2-2tan® x/2 + 3(1+ tan® x/ 2)

2
=J > sec” x/2 dx, Put tan X —it so that ~ sec? X dx = dt or sec? X dx = 2dt
tan“x/2+2tanx/2+5 2 2 2
tan§+1
I 2 2dt =2j clt 2=Etan‘1 [—tJr1]=tan‘1 2
t°+2t+5 t-10°+2= 2 2 2
tan§+1
Hence, | = Ax + p log [sinx +2cos x + 3|+ tan ™ — +C

|

wherex=§;u=§andv=
5 5
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PARTIAL FRACTION

Integrals of form
J‘# dx
ax“ +bx+c
Where P(x) is polynomial of degree greater than or equal to 2.

f(x)

If /(x) and g(x) are polynomials, then to evaluate J-ﬂdx adopt the following procedure.
g(x

(a) If deg f(x) > deg g (x), then divide f(x) by g(x). Let q(x) be the quotient and r(x), the remainder of this

division, then ) :q(x)+L):().

g(x) (x)
r(x)

where q(x) being a polynomial can be integratéd term by term and for integrating ﬂ,resolve this fraction
g(x

into partial fractions.

The following table gives an idea of the types of partial fraction to be taken for different types of proper rational

functions :

Types of proper rational functions Types of partial fractions

pX+q A N B
(x—a)(x-b) x—a x-b

px2 + gx+r A B  C
(x—a)(x-b)(x—c) x-a Xx-b x-c

pX2 + X +r A B C

(x—a)z(x—b) X—a (x—a)2 X—-b

px2 +gx+r A Bx+C
(x—a)(x? +bx +c) x-q x*+bx+c

where x* + bx + ¢ cannot be factorised

px3 + gx2rx+s Ax+B . Cx+D
2 2
(x? +ax+b)(x? +cx+d) x> +ax+b  x?+cx+d

where x* + ax + b, x% + cx + d cannot be
factorised.

54. Resolve 3x+2 into partial fractions.
x3 —6x%2 +11x -6
Sol. We have
3x+2 3x+2

X2 _6x% +11x—6  (x—1)(x—2)(x—3)

3x+2 A B C 3x+2
Let = + + . Then
(x=N(x-2)(x-3) x-1 x-2 x-3 (x=1)(x-2)(x-3)
AX-2)(x=3)+B(x —=1)(x =3) +c(x - 1)(x - 2)
(x=N(x-2)*x-13)

or X+2=Ax-2)(x=3)+B(x—-1)(x=3)+C(x—=1) (x—2) ()
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55.

Sol.

Puttingx=1=0o0rx=1in (i), we get
5=A(1-2)(1-3)= A= g

Putting x—2 =0 or x =2 in (i), we obtain
8=B(-1)(2-3)=>B=-8.

Putting x—3 =0 or x = 3 in (i), we obtain

H:CB—HB—E:C=gn

3x+2 _ 3x+2
x2 -6x2 +11x-6  (x—=1)(x-2)(x-3)
5 8 11

+
2(x-1) x-2 2(x-3)

Resolve

into partial fractions.
x3 -1

2x 2x A Bx+C
3 4 2 = t2
x2 =1 (x=Dx%+x+1) X=1 x%4+x+1

Then2x=A (X*+x+ 1)+ (Bx + C) (x — 1)

Let

Puttingx—1=0o0rx=1in (i), we get2=3A=>A= %

Puttingx=0in(i),wegetA—C=0:>C=A=%.
Putting x = -1in (i), we get-2 = A + 2B — 2C.
= _2=3_2|3_i:>=3
3 3 3
2x  _ 2 1 2/3x+2/3
=—. +

x3-1 3 x-1 x?ix+1

2x 2 1 2 x+1
or s < =a =

x7 -1 3 X_1 3 X5 +X+1
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